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Abstract
The previously proposed visualization of Rabi oscillations of a sin-
gle atom by a continuous fuzzy measurement of energy is specified for
the case of a single transition between levels caused by a pi-pulse of
a driving field. An analysis in the framework of the restricted-path-
integral approach (which reduces effectively to a Schro¨dinger equation
with a complex Hamiltonian) shows that the measurement gives a re-
liable information about the system evolution, but the probability of
the transition becomes less than unity. In addition an experimental
setup is proposed for continuous monitoring the state of an atom by
observation of electrons scattered by it. It is shown how this setup
realizes a continuous fuzzy measurement of the atom energy.
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1 Introduction
The problem of quantum measurements and related questions of decoherence,
wave packet reduction etc. have always found great interest. In the last years
continuous measurements were considered intensively [1]-[9]. In this connec-
tion the so-called quantum Zeno effect has been predicted and then confirmed
experimentally [3]. This effect shows how a continuous measurement pre-
vents transitions between discrete spectrum states. It thus demonstrates in
the most evident way that a continuous measurement may strongly influence
the measured system.
In real measurements this influence on the measured system does not lead
to absolute freezing its evolution but only strongly modifies it [4]. In the
specific setup of a three-level system a random telegraph-type signal may
be obtained from the measured system as a consequence of its “shelving”
[5]. In all these cases the evolution of the discrete-level measured system is
radically modified by the measurement as a result of strong back influence of
the measuring device onto the measured system. The reason for this strong
influence is that the considered continuous measurement was in fact a series
of often short measurements which were so strong that they projected the
measured system on one of its discrete eigenstates. In [6] such a procedure
is called a “continuous projection measurement”.
In this context it is interesting and important to study a different class
of quantum measurements and to ask the complementary question: Is it
possible to continuously measure an individual quantum system with a not
too strong influence on it so that the behavior of its state does not radically
differ from what it would be if no measurement is performed. It is then to
be expected that the obtained continuous measurement readout reflects the
motion of the state thus making it visible. For this aim the measurement
must be weak enough. Correspondingly it is unavoidable that it must have a
not too high resolution, since the better the resolution of a measurement is,
the stronger is its influence on the measured system. Because of this property
such a weak measurement will also be called fuzzy. If now the measurement
is presented as a series of short measurements, each of them must be fuzzy
enough not to project on a single state.
Finite-resolution continuous measurements in general as well as their in-
fluence on measured systems were in great detail investigated in [2] in the
framework of the phenomenological restricted-path-integral (RPI) approach.
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The continuous fuzzy measurement of an observable with discrete spectrum
has been investigated in [7] in the context of the ensemble approach. It was
shown that averaging over the ensemble of many readouts gives an infor-
mation about the behavior of the state of the system (for example about
Rabi oscillations). However this procedure is not applicable to an individual
system like a single atom which is continuously measured.
The RPI approach on the other hand is. It was first applied to a discrete-
spectrum observable (energy of a two-level system) in [8]. It was shown that
the quantum Zeno effect arises if the resolution of the measurement is good
enough (in comparison with the level difference). However the analysis given
in [8] was not complete because only the special case of constant measurement
readouts coinciding with energy levels (E(t) ≡ const = En) was considered.
The detailed analysis given in [9] showed that in the case of the measure-
ment with an intermediate resolution (not too low to give no information and
not too high to lead to the Zeno effect) transitions between levels (Rabi os-
cillations) maintain though are modified, and the measurement readout E(t)
is correlated with these oscillations. Thus, transitions between levels may be
continuously monitored with the help of a fuzzy continuous measurement.
Of course, the error of this monitoring is comparatively large and principally
cannot be made small.
In the present paper we shall continue exploring this possibility in a simple
case of a so-called pi-pulse of the driving field bringing the system, in absence
of any measurement, from one level to another. We shall discuss a continuous
fuzzy measurement of energy in such a system. It will be shown that the
measurement readout visualizes the quantum transition but on the price
that the transition becomes less probable. We shall first shortly discuss the
problem in the framework of the RPI approach to show what results of the
measurement may be expected in this case. Then a possible experimental
realization of the measurement of this type, namely, monitoring the energy
of an atom by scattering electrons on it, will be described.
2 Predictions made by the RPI method
We consider a multilevel system with Hamiltonian H0 and corresponding
energy levels En. It is influenced by an external driving field with potential
V = V (t) leading to transitions if no measurement is applied. Then the
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continuous measurement of the energy H0 of this system may be described
according to [9] by the effective Schro¨dinger equation
∂
∂t
|ψt〉 =
(
−
i
h¯
H − κ
(
H0 −E(t)
)2)
|ψt〉 (1)
with H = H0 + V . For a given measurement readout [E] = {E(t)|T1 ≤
t ≤ T2} the probability density for the realization of this readout is given by
P [E] = 〈ψT2 |ψT2〉 where |ψT2〉 is the solution |ψt〉 of Eq. (1) taken at the end
of the observation interval [T1, T2]. Note that because of the damping term
the norm of |ψT2〉 decreases with time. The inverse of the parameter κ > 0
may serve as a measure of fuzziness. No measurement corresponds to κ = 0.
Normalization of |ψT2〉 leads to the state vector at t = T2.
Expanding |ψt〉 according to |ψt〉 =
∑
Cn(t)|ϕn(t)〉 in the orthonormal
basis |ϕn(t)〉 = e
−iEn t/h¯|n〉 of time-dependent eigenstates of H0, we obtain
P [E] =
∑
n |Cn(T2)|
2. For the case of a 2-level system and a resonant driving
field with frequency ω (∆E = E2 − E1 = h¯ω) Eq. (1) reduces to
C˙1 = −iv(t)C2 − κ(E1 − E(t))
2C1,
C˙2 = −iv(t)C1 − κ(E2 − E(t))
2C2 (2)
with 〈ϕ1|V ϕ2〉 = 〈ϕ2|V ϕ1〉
∗ = h¯v(t).
For κ = 0 and v(t) = v0 = const the system undergoes Rabi oscillations
between the eigenstates with the period TR = pi/v0. We consider a pi-pulse
in the interval [0, T ] where T1 ≤ 0 ≤ T ≤ T2, so that T = TR/2 and v(t) = v0
in the interval [0, T ], v(t) = 0 outside this interval.
If the system is on level 1 at the initial time moment (C1(T1) = 1,
C2(T1) = 0) and no measurement is performed (κ = 0 so that the wave
function is normalized at all times), then the system is subject to the level
transition during the interval [0, T ]. This means that the probability |C2(t)|
2
to be at level 2 gradually increases during this interval and achieves unity at
the end of it.
A quantity by which the fuzziness of the measurement can be described
quantitatively and which may replace κ in physical discussions is the level res-
olution time Tlr = 1/κ∆E
2 (comp. [9]). If a continuous fuzzy measurement
lasts longer than Tlr, it distinguishes (resolves) between the levels. Small
Tlr represents quick level resolution because of small fuzziness and therefore
strong Zeno-type influence of the measurement. The larger Tlr is, the weaker
is the influence of measurement on the atom.
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It was shown in [9] that with TR and 4piTlr being of the same order there
is a regime where correlations between oscillations of the state vector and
the energy readout [E] are to be expected. This regime lies between the
Zeno and Rabi regimes. In extending [9] we present now some results of a
numerical analysis of Eq. (2) for this regime of measurement. Details will be
published elsewhere.
Random curves E(t) were generated, for each of them Eq. (2) was solved,
the norm of the solution at the final time |C1(T2)|
2 + |C2(T2)|
2 was found
and interpreted as the probability density P [E] that the curve E(t) occur as
the measurement readout. The corresponding normalized coefficients cn =
Cn/
√
|C1|2 + |C2|2 present the behavior of the system for the case that the
measurement gives the readout E(t).
For the further analysis all curves E(t) were smoothed with the time scale
of the order of T to eliminate insignificant fast oscillations but conserve the
information about the transition. Then they were separated into 4 classes
E11, E12, E21, E22 according to the location of initial E(T1) and final E(T2)
points of the curve. For example, if the curve begins below the middle line
E = (E1 + E2)/2 and ends higher than this, it is included in the classE12
and interpreted as the readout describing a transition from the level 1 onto
level 2. Probabilities of these classes were found by summation of probability
densities P [E] by the Monte Carlo method.
In the case of a pi-pulse one could naively expect that only curves of the
class E12 may arise as measurement readouts (as is the case without the
measurement). The calculation gives different results. For the regime of
measurement intermediate between Zeno and Rabi the results are following.
The curves of the classes E21 and E22 arise with small probabilities. However
the probabilities of the classes E11, E12 are comparable. Therefore, influence
of the measurement sometimes may prevent the transition.
Fig. 1 gives an idea of what the result of the measurement will be and
how it will reflect the behavior of the system in an intermediate measurement
regime (4piTlr/TR = 5/3). Upper diagrams present possible readoutsE(t) and
the corresponding curves P2(t) = |c2(t)|
2 characterizing the behavior of the
system state are given below. The left pair of diagrams shows all possible
readouts E(t), while the middle and right pairs show the readouts of the
classes E12 and E11 correspondingly. The curves are presented by density
plots taking into account probability densities P [E] (being the same for the
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Figure 1: Density plots of measurement readouts E(t) and corresponding
curves |c2(t)|
2 giving the probability to be at level 2. In the left pair of
diagrams all measurement readouts are drawn while the middle and right
ones represent the readouts of the classes E12 (transition from level 1 to level
2) and E11 (staying at level 1) correspondingly.
curve E(t) and the corresponding P2(t)).
It is seen from Fig. 1 that the information given by the measurement read-
out E(t) is reliable. This means that a readout E(t) and the corresponding
curve P2(t) characterizing the behavior of the measured system with high
probability correspond to each other. For example, if E(t) belongs to the
class E12, then the behavior of P2(t) is characteristic for the transition from
level 1 to level 2. If E(t) belongs to the class E11, then P2(t) also in most
cases describes the system which finally stays at level 1 or close to it.
Thus, the qualitative conclusion from the numerical analysis is the fol-
lowing: the visualization of an externally driven quantum transition by a
continuous measurement of energy of the appropriate fuzziness is possible.
But as price for this information the transition itself becomes uncertain: it
may occur or not occur with probabilities of the same order.
The probability of the transition increases with the measurement be-
coming more fuzzy (larger 4piTlr). However, the information becomes then
less reliable, the noise increases. When the measurement becomes too fuzzy
(4piTlr ≫ TR), the Rabi regime arises: the measurement does not influence
the system but it also gives no information.
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Vice versa, the transition becomes less probable for a more strong mea-
surement (smaller 4piTlr). By too strong measurement (4piTlr ≪ TR) the
transition is prevented completely and the Zeno regime of the measurement
arises.
Let us now turn to a real experimental setup where these theoretical
predictions can be observed.
3 The experimental setup
The basic idea for the realization of a fuzzy measurement of energy proposed
below is the following: A single 2-level atom with energy levels E1 and E2
changes its state
ψ =
(
c1(t)
c2(t)
)
(3)
(normalized so that |c1(t)|
2 + |c2(t)|
2 = 1) under the influence of a resonant
laser field. We want to monitor some characteristic of the state of the atom
that may be interpreted as monitoring of its mean energy given by
E(t) = E1|c1(t)|
2 + E2|c2(t)|
2 (4)
We assume that the polarizabilities α1 and α2 of the atom on the two lev-
els1 are different. The atom is placed in an electric field E0 which induces a
dipole moment. Since the polarization of the atom in the process of its tran-
sition between the energy eigenstates changes, the dipole moment changes
correspondingly.
If we now scatter a sequence of single electrons by this atom, the cor-
responding cross section will depend on (α2 − α1)E0(|c2(t)|
2 − |c1(t)|
2) and
can be determined as a function of time. This results according to (4) in an
energy readout E(t). As we will show below, there are means of controlling
the weakness of the back influence of the electrons on the atom, so that fuzzy
measurements are possible.
In the experimental setup which we propose (see Fig. 2) an atom Z is
1In the framework of the two-level approximation, the polarizabilities may be intro-
duced only phenomenologically. A correct definition of them would require to include the
other levels of the atom.
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(a) (b)
Figure 2: The experimental setup from the side (a) and from above (b): A
single atom Z is implanted on a substrate A. Laser radiation is focussed on it.
Electrons swimming on the surface of liquid helium (black) are collimated and
scattered one by one by the atom. They are registered by the microchannel
plates D and D′ as being deflected or not.
implanted on a substrate A. A constant electric field E0 directed along the x-
axis is applied to induce a dipole moment. This field is created by a molecule
with a fixed dipole moment d1 (also directed along x) located near the atom
Z. The resonant radiation of frequency ω is focused on the atom. It causes
a dipole moment consisting of two contributions: a comparatively slowly
varying one to which we referred above and quickly oscillating one. The
latter is proportional to |c∗1(t)c2(t)|d
′ where d′ is the dipole moment of the
transition between the first and second levels of the atom. The characteristic
frequency of oscillations is high (ω ∼ 1015sec−1) and therefore its contribution
to the scattering cross section of the electrons is negligible.
Substrate and the atom are covered by a thin layer of liquid helium. The
possibility to use liquid helium for the exploration of single microobjects
has been considered earlier in [11]. Free electrons swim on the surface of
liquid helium [12, 13] being pressed to this surface by a constant electric field
produced by a plate above the helium. Electrons are scattered by the electric
field of the dipole moment of the atom. Moving along the surface of the liquid
helium after scattering, the electrons come to the region under microchannel
plates capable to register single electrons (the potential between the plates
and the substrate creates an electric field turning the electron off the surface
and accelerating them toward the plates). Different problems regarding the
realization of the experiment will be addressed below.
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4 Analysis of the experiment
The electrons swimming on the surface of the liquid helium are scattered by
a potential Vdip(r) which is caused by the fixed external dipole moment d1
and the induced atomic dipole moment:
Vdip(r) =
eL
(L2 + r2)3/2
[
d1 +
(
α1 0
0 α2
)
E0
]
(5)
where L denotes the distance between the atom and the surface of the liq-
uid helium (comp. Fig. 2a), r is the two-dimensional vector describing the
position of the electron on the surface and e is the electron charge.
The atom and the electron passing by are treated as a composed system
which is described in the corresponding product space. In a scattering pro-
cess the state of the electron as well as the state of the atom is changed. Let
us address the electron first. In the Born approximation [14] in two dimen-
sions the differential cross section for the electron scattering (which has the
dimension of length) turns out to be
dσ
dθ
= β(t) exp
[
−γ sin
(
θ
2
)]
(6)
where β(t) = 2pim3/2e2d2(t)/h¯3(2Ee)
1/2, γ = 4L(2Eem)
1/2/h¯ (m is the elec-
tron mass, Ee its energy and h¯ Planck constant). The time dependent state
of the atom enters Eq. (6) via
d2(t) = d20 +∆d
2 + 2d0∆d(|c2(t)|
2 − |c1(t)|
2) (7)
where
d0 = d1 +
1
2
(α2 + α1)E0, ∆d =
1
2
(α2 − α1)E0 (8)
The total cross section corresponding to Eq. (6) is
σ(t) = 2piβ(t)[I0(γ)− L0(γ)] (9)
where I0(γ) is the Bessel function with an imaginary argument and L0(γ) the
modified Struwe function [15]. However a simpler expression may be taken
to obtain estimates:
σ(t) =
4β(t)
γ
[
1− exp
(
−
piγ
2
)]
(10)
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We have σ ∼ 10−7m for d(t) ∼ 10−29Coulomb m, Ee ∼ 10
−4eV.
To have no additional complications let us restrict to the case where γ is
sufficiently small (γ ≪ 1) so that dσ/dθ does not depend on θ. To avoid the
dispersion of dσ/dθ due to the dispersion of energies of the incoming elec-
trons, the electrons with energies strongly different from some fixed energy
E ′e should not participate in the scattering. This may be provided by differ-
ent technical ways which we will not discuss in the present paper. We shall
only introduce a coefficient s indicating the number of times the primary flux
of electrons is attenuated after such separation.
The total time dependent cross section for the electron scattering has
then the form σ(t) = σ0 + δσ(t) where only the second term depends on the
momentary state of the atom:
σ0 =
4pi2m3/2e2
h¯3(2E ′e)
1/2
(d20 +∆d
2), δσ(t) = χ(|c2(t)|
2 − |c1(t)|
2) (11)
with
χ = σ0
2d0∆d
d20 +∆d
2
(12)
We add some remarks concerning the experimental realization. The ap-
plicability of the Born approximation requires validness of the following con-
dition [14]:
ed(t)
L2
≪
h¯2
mL2
(
2mEe
h¯2
)
L (13)
Both parts of Eq. (13) turn out to be of the same order for realistic param-
eters (L ∼ 10−8m, Ee ∼ 10
−4eV, d(t) ∼ 10−29Coulomb m). Eq. (6) may
nevertheless be used at least for rough estimates.
Let us estimate the flux F (t) of the scattered electrons which previously
passed through the collimator consisting of two slits of the width q with the
distance l between them:
F (t) ∼
q
l
s σ(t)ne
(
2E ′e
m
)1/2
= gσ(t) (14)
Here g is the flux of the incoming electrons. It is expressed in the following
parameters: s is a factor accounting for attenuation of the flux after selection
of their energy (see above), ne is the number of electrons per a unit of area
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of the surface of the liquid helium. To be able to distinguish the scattered
electrons from those not scattered, it is necessary that the ratio q/l satisfies
the condition q/l ≪ γ−1. For the parameters indicated above, we can take
q/l ∼ 0.1. The estimate for s is s ∼ δEe/E
′
e where δEe is the dispersion
of energies of incoming electrons. Taking δEe ∼ 0.1E
′
e we have s ∼ 0.1.
Then, for ne ∼ 10
13m−2 (an instability arises for larger ne because electrons
“drown” in the liquid helium [13]), E ′e ∼ 10
−4eV and s ∼ q/l ∼ 0.1 we
have F (t) ∼ (106 ÷ 107)sec−1. If we investigate some transition of the atom
between its two energy eigenstates, it is evident that sufficiently large number
of scatterings has to occur during the time T of the transition. In other
words, the inequality F (t)T ≫ 1 must be fulfilled. On the other hand, T
must be less than the time of spontaneous radiance of the atom Z. Based
on the above estimate of F (t), the time of spontaneous radiance must be
significantly larger than (10−6 ÷ 10−7)sec. This imposes restrictions on the
choice of possible candidates for the atom Z.
We assume that the ingoing electrons are coming one by one and are
either deflected or not deflected by the atom. Before such an event happens
at the time t the atom is in the state ψ(t) of Eq. (3). After the event the total
system is in an entangled state for which the deflected electron state and the
non-deflected electron state are combined with the respective atom states
after the electron has passed by. The electrons are then registered as being
deflected or not by the corresponding plates D and D′ (see Fig. 2b). This
reduces the state of the total system and the state of the atom is changed this
way. If a deflection of the electron happens, the influence of the interaction
potential V (r) of Eq. (5) results in the modified normalized atom state ψ′(t)
with (
c′1
c′2
)
=
(
a1(t) 0
0 a2(t)
)(
c1
c2
)
(15)
whereby
a1(t) =
d0 −∆d
d(t)
, a2(t) =
d0 +∆d
d(t)
(16)
If on the other hand the deflection did not happen (i.e. the electron was
registered by the microchannel plate D′), the expression for a1(t), a2(t) has
another form:
a1(t) =
[
1−
σ(t)(d0 −∆d)
2
2qd2(t)
]/√
1−
σ(t)
q
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a2(t) =
[
1−
σ(t)(d0 +∆d)
2
2qd2(t)
]/√
1−
σ(t)
q
(17)
To sum up: The observation of the scattered electrons at the time t
supplies some information about σ(t) (see Sect. 5 for details). By this an in-
formation about the state ψ(t) of the atom (namely about |c2(t)|
2−|c1(t)|
2) is
obtained by which the energy E(t) of the atom may be worked out according
to
E(t) = E +
∆E
2χ
δσ(t) = E +
∆E
2χ
(σ(t)− σ0) (18)
where E = (E1 + E2)/2 and ∆E = E2 − E1. This formula enables us to
compare the theoretically calculated behavior of the function E(t) with the
function σ(t) determined from the experimental scattering results. Simul-
taneously the state of the atom is changed. It is important to note that
according to Eqs. (15) and (16) this must not result in a projection onto
one of the energy eigenstates. Rather the atomic state may be only weakly
influenced in one scattering event if |∆d| ≪ d0. This represents a condition
for the measurement of E(t) to be fuzzy. We return to this below. Let us
first proceed to the question how to measure σ(t).
5 Degree of fuzziness
We have to address the problem how to estimate σ(t) from the number of
scatterings. We make this estimate on a series consisting of N events when
a single electron passes the atom. Let N1(t) be the corresponding number of
events in the series resulting in the deflection.
Before scattering, the electrons have to pass the slit of the collimator with
the opening q (see Fig. 2b). The ratio σ(t)/q is equal to the probability p
that a single electron will be scattered by the atom. This probability may be
estimated from the data on N electrons by the ratio N1/N where N1 is the
number of those electrons which were deflected. We then have approximately
σ(t)
q
≈
N1(t)
N
(19)
or with (18)
E(t)− E
∆E
≈
q
2χ
(
N1
N
−
σ0
q
)
(20)
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This completes the measurement of E(t) of Eq. (4).
In measuring σ(t) in fact |c2|
2 will be measured in the experiment. This
corresponds indeed to the intended visualization of the quantum transition.
But with the setup described above one is indeed capable of more, namely
of testing experimentally evidence for the theoretical predictions for the con-
tinuous fuzzy measurement of energy as they are illustrated by Fig. 1. The
reason for this is that a detailed analysis of the setup (which will be presented
elsewhere) shows that this setup represents a continuous fuzzy measurement
of energy in the sense of Sect. 2 provided that the difference of the dipole
moments attributed to the two energy eigenstates is small enough,
|∆d| ≪ d0 (21)
The level resolution time (a measure of fuzziness) turns out to be then
Tlr =
1
4gσ0
(
d0
∆d
)2 (
1−
σ0
q
)
(22)
As discussed already in connection with Eqs. (15) and (16), the second
factor in Eq. (22) represents the weakness of the influence on the atom caused
by the deflection of one single electron. In fact we are concerned with a
succession of many scattering events. If they happen very quickly, gσ0 is
large. Correspondingly the influence of the measurement will be strong and
Tlr small. This explains the first factor in Eq. (22).
6 Conclusion
The previously predicted possibility to visualize the time dependence of a
quantum transition of a single atom with the help of a fuzzy continuous
measurement of energy is demonstrated in detail for the case of a pi-pulse of a
driving field. The realization of the corresponding measurement is discussed.
The RPI analysis shows that the visualization is possible but at the price
of additional quantum uncertainties. Namely, even in the case of a pi-pulse,
when in the absence of the measurement the transition occurs with certainty,
it may with comparable probabilities occur or not in the presence of the
continuous fuzzy measurement. In both cases the information given by the
energy readout is reliable i.e. it corresponds with high probability to the
evolution of the system state.
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As a scheme of realization, scattering electrons by a fixed two-level atom is
considered. The electrons probe the state of the atom. The fuzziness (weak-
ness) of the measurement is represented by the fact that each scattering
event changes the internal state of the atom only insignificantly. This is rad-
ically different from the often considered scheme of repeated measurements
in which the atom is projected on one of the levels after each measurement.
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